The purpose of this short communication is to present a method that aims to express the turbulent variables in the atmospheric surface-layer in function of the stability of the atmosphere. The case of very stable conditions (strong stratification), where theoretical approaches provide conflicting results (see Luhar et al. [11]), is analysed in detail to provide some insight into the limits of applicability for some of the most popular models of turbulence. The problem of the existence of the critical flux Richardson number is also taken into account.
Similarity theory and surface layer parameterisations
In the context of atmospheric turbulence, the first similarity theory was developed by Monin and Obukhov [14] for a stationary atmospheric surface-layer over horizontally homogeneous terrain. In these conditions the structure of turbulence is completely characterized by the surface turbulent stresses 1 u 2 * = uw 2 + vw 2 1/2 , the surface heat flux H = −wθ, the buoyancy term g/θ 0 , with θ 0 being the background temperature, and the height above the ground denoted by z. These quantities allow us to define a temperature scale θ * = −H/u * and a length scale L = u 3 * θ 0 /κgH, first introduced by Obukhov [16] . The Obukhov length L can be interpreted as a measure of the stability. The sign of the heat flux determines the sign of L, negative for unstable cases (wθ > 0, H < 0), positive for stable cases (wθ < 0, H > 0) (see for example Garratt [6] , Tampieri [18] and Wyngaard [19] ).
In the framework described above, we define the non-dimensional vertical gradients of the mean wind speed U and mean potential temperature Θ as follows:
where κ is the von Kármán constant. Moreover, in addition to the Obukhov length, we define another stability parameter, the flux
m . In analogy with L, positive values of R f imply stable conditions of the atmosphere. 1 Here and hereafter, capital and tiny letters are meant as mean physical quantity and its turbulent fluctuation respectively in the sense of Reynolds decomposition. Overbar denotes ensemble average.
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Second-order scheme
For our analysis, we are interested in the second-order equations for the turbulent variables, namely
where g j = (0, 0, −g) is the gravity acceleration, β = 1/θ 0 , ν is the kinematic viscosity and α the thermal diffusivity. The Coriolis parameter has been neglected as a standard simplification in the surface-layer. In order to close the system (2) - (4), we express the third-order terms as (see Nakanishi [15] ):
Above, the terms containing the pressure have been closed in the framework of "return to isotropy" proposed by Rotta [17] . According to this parameterization, an anisotropic flow tends to isotropy in absence of external forcings. Note that Rotta [17] suggested an assumption for the terms (5) and (6) where C 2 = C 3 = C 4 = 0. The above extention is possible to find in Yamada [20] and Nakanishi [15] (see also Denby [5] ) with different values for the coefficients C 2 , C 3 and C 4 (see Section 1.2).
The terms containing third-order covariances of velocity components and temperature are expressed in terms of the flux-gradient approximation (see also relations (13) in Section 3.1).
According to the Kolmogorov hypothesis of small-scale isotropy (see [9] ), the dissipative terms are expressed as
Moreover, we have (see Mellor [12] )
since there is no isotropic first-order tensor.
Here, l 1 , l 2 , λ 1 , λ 2 , λ 3 and Λ 1 , Λ 2 are length scales and C 1 , C 2 , C 3 and C 4 are coefficients we need to compute. The quantity q represents the square-root of the turbulent kinetic energy.
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Under horizontally homogeneous conditions, neglecting time-tendency, advection and diffusion terms, we simplify the system (2) -(4) as follows
where, without loss of generality, we oriented our coordinate system so that vw = 0 and uw is aligned with the mean wind vector U in the x-direction. Moreover, it may be shown (see Mellor [12] ) that ∂V /∂z = uv = vθ = 0. Here,
and B 2 are coefficients we need to compute.
The second equation in (12) is the budget for the turbulent kinetic energy under equilibrium conditions, namely production of turbulence by shear and buoyancy is totally balanced by the dissipation of turbulence. This is physically acceptable in the surface-layer, but not necessarily outside of it.
Note that we dropped the diffusion contribution under the assumptions (possibly incorrect both for stable and unstable conditions) that the second-order terms are constant with the height (see Mellor [12] ).
Closure coefficients
Several suggestions for the values of the constants A 1 , A 2 , B 1 , B 2 , C 1 , C 2 , C 3 and C 4 are present in the literature (see e.g. Mellor [12] ; Yamada [20] ; Mellor and Yamada [13] ; Nakanishi [15] ).
Following Mellor [12] , we compute the coefficients A 1 , A 2 , B 1 , B 2 and C 1 using a data set of turbulent variables (Di Giuseppe et al. [7] ) in near-neutral conditions, namely wθ ≈ 0 and 0 < z L < 0.1. We obtain the following values for the winter and summer data set respectively: We hold the value of the coefficients C 2 , C 3 and C 4 as in the references cited above. Note, in particular, that Yamada [20] sets C 4 = 0 and Mellor and Yamada [13] set C 2 = C 3 = C 4 = 0.
In 
Stability functions
Following Mellor and Yamada [13] , we express the turbulent stress and the heat flux in terms of the common (although possibly incorrect) flux-gradient approximation
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where K m and K h are the so-called eddy diffusivities expressed in terms of l = κz, q and nondimensional stability functions S m and S h . Moreover, we define (see Mellor and Yamada [13] )
Using (13) and (14) we can rewrite the turbulent kinetic energy budget equation (second equation in (12)) as follows
where
are the production terms due to shear and buoyancy respectively, and ε = 
Again, from (13) and (14) we can rewrite the flux Richardson number as follows
Then, the turbulent kinetic energy budget (15) reads
Now, from (9) - (12), (13), (14) and (16) we can derive the stability functions S m and S h in terms of the flux Richardson number R f :
Here, F 1 , F 2 , R f 1 and R f 2 are functions of the coefficients A 1 , A 2 , B 1 , B 2 , C 1 , C 2 , C 3 , C 4 , γ 1 and γ 2 . The parameter R f c , function of γ 1 and γ 2 , is the so-called critical flux Richardson number, the number for which S h = 0. This is the number beyond which turbulence decays in time and however is not steady. Consequently, is not possible to apply the Monin-Obukhov similarity theory. Then, from (1), (13) , (16) and (18) is possible to obtain the following system of equations:
, (19) with u 2 * = −uw, l = κz and . From (19) is possible to derive φ m and φ h in terms of z L . Finally, from the previous consideration and using (1) in (9) - (12), is possible to derive the non-dimensional equations for the turbulent variables in function of the stability:
where ζ = 
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Here, we present some of the results we obtained for the scheme proposed by Mellor and Yamada [13] . Similar results hold for the schemes proposed by Yamada [20] and Nakanishi [15] .
The first relation in (18) predicts different values for the critical flux Richardson number for different sets of coefficients, see Fig. 1 . Similar conclusions hold if we fix the set of coefficients and we change the scheme. 
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Functions φ m and φ h differ more and more as the stability increases, see Fig. 3 and Fig. 4 . This behavior is more visible in φ h than in φ m . Similar conclusions hold if we fix the set of coefficients and we change the scheme. We point out that Fig. 3 and Fig. 4 do not show the comparison with data because not available in the time of the present work. gives an estimate of the critical flux Richardson number. It has been observed by many authors that at increasing z L over some treshold value, φ m increases less than linearly or even become constant (see, for istance Kondo et al. [10] ; Cheng and Brutsaert [3] ; Yagüe et al. [21] ). In this context, Grachev et al. [8] investigated the role of the Richardson number in the choice of the shape of φ m . The same point is addressed by Zilitinkevich et al. [22] . It may be observed that for R f < R f c , φ m = 1+β 1 z L is the parameterization that better represents the data. It results that φ m is smaller when R f > R f c than for R f < R f c . Indeed, when R f > R f c it can be argued that the correlation between u and w includes to a larger extent the contributions from low-frequency phenomena (ondulatory perturbations) that do not contribute to the turbulent mixing, so that u * turns out to be greater than the velocity scale appropriate for explaining the vertical gradient of mean velocity (see Tampieri [18] , Section 3.7.1).
In Fig. 5 the non-dimensional turbulent kinetic energy, Eq. (24), in function of the stability is presented. Experimental data are very dispersed and there is not a choice of a set of coefficients more appropriate than to another. The same conclusions holds for the other turbulent variables and for the other possible parameterisations schemes investigated (see Yamada [20] ; Mellor and Yamada [13] ). We conclude by saying that different parameterisation schemes can be proposed, a possible interesting choice is Zilitinkevich et al. [22] , and further investigations can be done, in particular concerning the dependence of the Richardson number from the stablity.
